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Onset of buoyancy-driven instability in a pure melt solidified from above
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Abstract—When a pure liquid is solidified from above, convection may be induced in a thermally-unstable layer.
The onset of buoyancy-driven convection during time-dependent solidification is investigated by using similarly trans-
formed disturbance equations. The thermal disturbance distribution of the solid phase is approximated by WKB method,
and the effects of various parameters on the stability condition of melt phase are analyzed theoretically. The present
constant temperature cooling model gives more unstable results than the constant solidification velocity model of Smith

[1].
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INTRODUCTION

The onset of convective instability in a horizontal fluid layer has
been studied extensively. Recently, hydrodynamic stability associ-
ated with the solidification has attracted many researchers’ interest
[1-11], because solid-liquid phase-change heat transfer is of interest
to geophysical and engineering problems. The convective motion
driven by buoyancy forces in the presence of solid components plays
an important role in industrial applications, such as manufacturing
of composite materials and purification of metals, as well as in a
wide range of systems in nature, such as seasonal freezing and melt-
ing of soil, lakes and rivers, artificial freezing of the ground as a con-
struction technique for supporting poor soils, insulation of under-
ground buildings, thermal energy storage in porous media and stor-
age of frozen foods. Thus, a fundamental understanding of convective
stability in such a range of applications is very important.

Convective motion near the phase changing interface affects the
local temperature and concentration fields which control the geo-
metric characteristics of the interface and solidification rate. Spar-
row et al. [6] and Karcher and Miiller [7] investigated the Rayleigh-
Bénard stability problem with solidification and melting. They em-
ployed a static assumption where the temporal growth rate of vel-
ocity and temperature disturbances is assumed to be zero. Smith
[1] examined the onset of convection driven by the thermal gradi-
ent under the solidifying interface during directional solidification
of a pure liquid. Later, Hwang [3] extended Smith’s [1] analysis in
the liquid saturated in the porous medium. By employing the sur-
face of solidification with constant speed, the coupled effects on
stability arising from thermal convection and solidification of a sin-
gle-component liquid was examined [1,3]. However, since the tem-
perature at the solid phase should be decreased exponentially with
the time, their system has little physical meaning.

In this study, time-dependent solidification of liquid cooled from
above, the so-called Stefan problem, is considered. When the tem-
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perature profiles in solid and liquid phase and the solid layer thick-
ness vary with time, the onset conditions of buoyancy-driven con-
vection are analyzed. In the present study, time-dependent linear-
ized disturbance equations are transformed similarly by using a simi-
larity variable and are solved numerically.

THEORETICAL ANALYSIS

1. Governing Equations

The system considered here consists of a semi-infinite liquid layer
cooled from above, as shown in Fig. 1. For time t>0 the upper bound-
ary of the liquid is supercooled at a constant temperature and then
the solid layer grows from above. The coordinate system is fixed
at the upper boundary, and the position of the solid/liquid interface
is moving in the Z-direction. Then, the governing equations in the
porous-saturated melt layer are given by

V-U=0, Q)

H(U

Solid phase

Tw, melt-solid interface

Melt phase

f

T..

Fig. 1. Schematic diagram of system considered here.
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{a%*U V}U——VP+,LJV2U+pg, ®)
%T—L FU-VT, =, V°T, 3)
p=p[1-AT,-T,)], o

where U denotes the velocity vector, 4 the viscosity, P the pressure,
p the density, /3 the thermal expansion coefficient, T the tempera-
ture, g the gravitational acceleration vector, t the time, and o the
thermal diffusivity. The subscript L represents the liquid phase. And,
for the solid layer, the temperature field can be described by

0T,

= = a,V'Ts. O]

The subscripts L and S represent the liquid and solid phase, respec-
tively. The boundary conditions are given as follows:

W=0, T=T, atZ=0, &)
dT dT dH

Ts=T,=T,, k?d S k. dZL Ld_ at Z=H(t), (6(2) & (b))

T,=T, atZ=ow, @)

where L is the latent heat of melting and H(t)(=1./4 ot ) is the loca-
tion of melt-solid interface. T,, denotes melting temperature at the
solid-melt interface and T, the temperature of melt far from the inter-
face.

The basic thermal conduction equations are nondimensionalized
as

06h.s

82‘ =a, v Os» ®
o6, o6,
5? +Wor a;L =V’ .1 ©)]

under the following boundary conditions:

Ghs=— % o 10, (10)
fus=hu=-1, ke gy @0 & ©)
6,,~0 at z=o0, (12)
Where W(), L:_(p,-_ 1)(/’{/ A/;- )s 90 S:(TS_ Toc)/ (roo_ TM)a QU,L:(TL_

THT.~T,), O=Too-T)T,~T), r=aitd, a=a/ay, k=ksk,
z= Z/d, h=H/d the Stefan number St=L/[¢(T,—T,,)] and d is an
arbitrary length scale. The solution to the above equations and the
boundary conditions are given in Carslaw and Jaeger’s book [12]:

1 erf(d/J )
O s=——| 1+ 6,— —=——=| 13
: ew( T ety 4 9
__erfc{d}
b=ty freA (14)

where ¢=z/./47 and A is the dimensionless position of solid-melt
interface. The base temperature for the specific case is given in Fig.
2. The phase change rate A can be determined by using Egs. (11.c)
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Fig. 3. Variation of phase change rate 1 with the Stefan number
St for k=1 and o,=1.

(13) and (14) as:
k. exp(-4/a,) _exp(= X)_ =278 15
0.Ja, erf(MlJay)  erfe(2) I "

and summarized as a function of St for some specific case in Fig. 3.
Smith [1] and Hwang [3] assumed that the planar interface is moving
with constant velocity V,. According to their model, the temperature
profiles are given as

6= 1-St{1—exp(—17/c;)}  for n7<0, (16)
6, =—exp(=1) for 70, 17

where (=V(Z—Vt)/a,) is the dimensionless vertical coordinate.
Since the temperature at the top, &, =1-St{1—exp(—Vyt/er)} de-
creases exponentially with the time, their system has little signifi-
cance [12].

Under linear stability theory the physical variables are decomposed
into unperturbed quantities and their perturbed ones at the onset of
convection. In the melt layer the dimensionless disturbance equa-
tions are obtained as
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00, 06

o +R;w, 5 =V’6,,, 13)
(I%ra%—vz)vzwlz—vﬁeu, (14)

where the subscript 1 denotes the perturbed quantities, the vertical
velocity component, and R,=(=g/ATd’/e;, v) the Rayleigh number.
Note that g, has the scale of ¢ W(gﬂdz) and w, has the scale of o/
d. In the solid layer the dimensionless disturbance equations are
obtained as

00, ¢

o= a Vo, 15)

The boundary conditions for these disturbances equations are given by

0
wF%:a,L:o at z=0. @1
ow, _ _ _
W= E =0, 4 06, ., kD6 ~k,D6 , atz=h, (22(a),(b) & (c))
6,0 atz=o, 23)

In the present study the scaling of W,~g/fT, \H’/vin dimensional form
is obtained from Eq. (2). This relation means that w,/@~h*~z. If
disturbance amplitudes follow the property of the base temperature
fields shown in the relations (10) and (11), it is probable that 06/
0t=—(247)(d0'/dS). Therefore, under the normal mode analysis
the dimensionless amplitude functions of disturbances are assumed
to have the relation of

[wi, 6.1, =6 W (&), 69, G (Qlexplilax+ay)] a7

where a, and a, are the horizontal wavenumbers in the x and the y
direction, respectively. The above equation means that the ampli-
tude of dimensionless disturbances is assumed to be a function of
the similarity variable {(=z/6) where &=A/A 7. This kind of similarity
transformation has been widely used in similar problems [4,13-15].

Substituting Eq. (24) into Egs. (18)-(23) with a’=a}+a’, d/07=
—(¢ 9D and &/067=(1/47)D* gives the following self-similar sta-
bility equations:

> 2 2\ 4
(0*+ 2¢p-a")db-0. (18)
(D*+2¢D-2")0,=R;w' D4, ,, (19)
[(D=a (D —a D +20") [ =—a'd], 20)

under the following boundary conditions:

w'=Dw'=¢=0 atz=0, (28)
w'=Dw'=0, &=6, kD& =k, D atz=l, (29(2),(b) & ()
w=Dw'=g'=0 at {=oo. (30)

where Ra"=Ras’, a'=ad and D=d/d¢. Ra” and a* are assumed to
be eigenvalues having the meaning of the Darcy-Rayleigh number
and the wave number based on the thermal penetration depth in liquid
phase, Ay(c f[). Through the similarity assumption of Eq. (24),
(2/a)¢DE; and 2¢DG, occur in Egs. (25) and (26), respectively.

These terms have been neglected in quasi-static analysis, where the
terms of O(*)/Orare assumed to be 0.
2. Solution Method

The stability equation for the solid layer can be solved indepen-
dently of the melt layer by using the boundary conditions of Eq.
(28). By using WKB approximation [16], the temperature distur-
bance in the solid layer can be approximated as:

&
N
Q,

o,

_ exp{— jo*’(g N é +a*2)mdgH a1

s
exp( 20) [exp 1 &/ E+(a+ala)
o L Q. 2

A

I+a a,

{§+A/§2+(a,+ afaz)}T
(o + afaz)

_ exp{_ lgm}{ é’+m}%
“ Jar o)

which satisfies the boundary condition of Eq. (28). And, then the
boundary condition of Egs. (29.b) and (29.c) can be reduced as:

2 1/2
DE,(4)= k[(iz + é . a*2) f(A.a',a)
o, r

A LA 1, o\,
_5_522(;+E+a 2) }@(4) 32)
where
f(A,a’,a) -

) I+a':m
1+[ (/e +a ) = J expJ (/e +1/a,+a")
~ Mo+ (A +1a+a”)

- [—*2 I+a':m
1—[ (Vo +a’) = J expJ (/e +1/a,+a")
Mo+ (A +1a+a”)

Through this procedure, the stability equations to be solved are Egs.
(26) and (27) under the boundary conditions of Egs. (29.a) (30) and
(32). For the limiting case of k,=0 and k.=oo, the boundary conditions
of Eq. (32) can be reduced D' (1)=0 and &, (1)=0, respectively.
These stability equations are solved by employing the outward
shooting scheme. For a given A, k. and ¢, in order to integrate these
stability equations the proper values of Dw" and &" at (=1 are as-
sumed for a given a’. Since the stability equations and their bound-
ary conditions are all homogeneous, the value of Dw’(4) can be
assigned arbitrarily and the value of the parameter R; is assumed.
This procedure can be understood easily by taking into account the
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Fig. 4. Neutral stability curve for ,=0.5, k,=1 and o,=1.

characteristics of eigenvalue problems. After all the values at =0
are provided, this eigenvalue problem can proceed numerically.
Integration is performed from a solid-melt interface =A to a fic-
titious outer boundary with the fourth order Runge-Kutta-Gill method.
To improve the initial guesses the Newton-Raphson iteration is used.
If the guessed values of R; and & (4) are correct, the bounday con-
ditions for w™ and " will be satisfied at the fictitious outer bound-
ary. Since disturbances decay superexponentially outside the ther-
mal penetration depth as given in Egs. (35) and (36), the incremental
change of R; also decays rapidly with increasing a fictitious outer
boundary thickness. This behavior enables us to extrapolate the ei-
genvalue R; to the infinite depth by using the Shanks transform.
The marginal stability curve for the typical case is given in Fig. 4. The
region above the curve denotes the unstable state, whereas that below
the curve is stable state. In the figure the minimum value of R} is the
critical condition marking the onset of buoyancy-driven convection.

RESULTS AND DISCUSSION

The dimensionless parameters governing the present system are
St, 8., a. and k.. The effects of these parameters on convective in-
stabilities during the solidification can be represented by A through
Eq. (15) and the boundary conditions of Eq. (32). For the case of
k=1 and =1, the effects of St and &, on the critical condition are
summarized in Fig. 5. From Figs. 3 and 5, it can be known that the
smaller the growth rate is, the more stable the system is. Since the
temperature gradient near the solid-melt interface is given, D, ,=
— /7 )exp(— C/4))erfe(A)), it can be expected that makes the
system unstable through the large driven force.

For a given 4, the stability conditions of the limiting cases of k,=
oo and k=0 are given in Fig. 6. In these limiting cases the critical
conditions are independent of ¢, since the boundary conditions of
Eq. (32) can be reduced D&, (1)=0 for k=0 and §(1)=0 for k,=co.
For the limiting case of small A, the basic temperature profile be-
comes & ,=—erfc(¢) and the boundary conditions on the melt-solid
interface become 6, (4)=0 for the finite k.. In this case of the small
A and finite k,, the critical conditions approach asymptotically to
Ra;=165.38 and a;=1.06. Kim et al. [14] analyzed the onset of
buoyancy-driven convection in a fluid layer heated isothermally from
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Fig. 5. Critical conditions for k,=1 and ,=1.
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below. Their stability equations which consider temporal growth of
disturbances quantities are identical with the present ones by con-
sidering the scale of & =J47 in the present analysis, and their stabil-
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Fig. 7. The effect of k, on the critical conditions for the case of 1=
0.5.
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Fig. 8. The effect of ¢, on the critical conditions for the case of A=
0.5.

ity criteria of Raj, =165.36 and a;=1.06 in the present scale are
quite similar to the present ones. This proves the validity of our solu-
tion method.

The effects of k. on the critical conditions are summarized in Fig. 7
for various values of ¢, with A=0.5. The critical conditions approach
the asymptotic values for k.=oo and k.=0. For large ¢, case, the bound-
ary condition of Eq. (32) reduces as D (1)=k,a"(1+exp(—21a"))/
(1—exp(—24a%))é; () and for small «, case, it becomes D' (1)=0.
From this, it can be assumed that the effect of k, on the critical con-
dition is not significant for small ¢z, as shown in Fig. 8. With increas-
ing k. and «, the critical Rayleigh number Ra; increases and the
system becomes more stable.

In the present system, the heat flux and from the sold-melt inter-
face and the solidification velocity decrease like t. Since this de-
crease of the heat removal accumulates the driving force for the
onset of buoyancy-driven convection near the solid-melt interface,
the present model gives more unstable results than the constant so-
lidification velocity model of Smith [1] where the top temperature
T, should be decreased exponentially with the time to maintain the
constant heat flux and from the sold-melt interface and the solidifi-
cation velocity.

CONCLUSIONS

The onset of buoyancy-driven convection in a homogeneous melt
solidified from above is analyzed by considering both the solid and
melt phases. More realistic boundary conditions are applied and
the effects of the various parameters are considered through the heat
balance and the boundary conditions at the solid-melt interface. The
stability characteristics are governed mainly by the heat removal
through the solid phase. The large k, and ¢, enhance the heat re-
moval and then stabilize the system. However, the large A which
can be obtained through the large latent heat accumulates the heat
near the solid-melt interface and makes the system unstable.

NOMENCLATURE

. . 2 2
a : dimensionless wavenumber, +/a; +a,

*

a : modified dimensionless wave number, ad

a, :dimensionless wave number based on the melt thickness,
a'd

: specific heat [J/(kg-K)]

: arbitrary length scale [m]

: gravitational acceleration vector [m/s’]

: thickness of the melt layer [m]

: dimensionless thickness of the melt layer, H/d

: permeability [m’]

: thermal conductivity [W/(m-K)]

: thermal conductivity ratio, ky/k,

: latent heat of melting [J/kg]

: pressure [Pa]

: Rayleigh number, g SATd /e, v

: modified Rayleigh number, Rad ?

a, : Rayleigh number based on the melt thickness, Ra’4

St : Stefan number, L/[c(T,—T,))]

T  :temperature [K]

N~ RS IT® oo

Wag

t : time [s]
U  :velocity vector [m/s]
w :dimensionless vertical velocity component

(X, Y, z) : dimensionless Cartesian coordinates

Greek Letters

: thermal diffusivity [m?/s]

: thermal diffusivity ratio, ay/«,

: thermal expansion coefficient [K™']
: dimensionless depth, A/4_1

: porosity

: dimensionless temperature, (T—T,)/(T,—T,,)
: phase change rate

: viscosity [Pa-s]

: density [kg/m’]

- dimensionless time, a,t/d’

: similarity variable, z/&

TN VR DD R R

Subscripts
c : critical state

L :liquid phase

S : solid phase

0  :basic quantity

1 : perturbed quantity
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